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The (unimolecular) capture of thermal electrons by diatomic molecular ions through excitation of rotation 
is considered. Using an approximate form of the Coulomb wave functions, first-order theory, and a point-
quadrupole perturbation the cross section for capture of an electron with energy -h2k2/2m into a bound 
state n (En^-Ry/n

2) is found to be 2^Q2End(E+ \En\+Ej-Ej+2)/25k,2 where Q is the quadrupole 
moment in units of eaQ

2, and where Ej and Ej+2 are the initial and final rotational energies. The rate of 
capture of electrons in an ionized gas where r<5 = r r =300°K is thus of the order 10~8-10~7 cm3/sec. These 
captures take place into states of very high n which will come into equilibrium (through this and other 
processes) with the free electrons. It is not expected that these captures will make a significant contribution 
to the recombination rate but they may help to account for molecular spectra in recombining gases and en
hanced rotational temperatures. 

INTRODUCTION 

IT has been observed1 repeatedly that the presence 
of molecular ions (instead of atomic ions) in an 

ionized gas greatly increases the rate of electron-ion 
recombination. Biondi,2 in particular, has shown that 
the rate of electron recombination with Ar2

+ (about 
6X10~7 cm3/sec) exceeds that with Ar+ by a factor of 
at least 1000 at room temperature. Other noble and 
diatomic gases with a few exceptions exhibit similar large 
recombination coefficients. These rates imply a near-
resonant electron-capture cross section of the order of 
10-13-10-14 cm2. 

The reaction generally considered responsible for 
this large cross section is dissociative recombination, 

e+X2+->X2*-*X+X*, (1) 

in which the asterisk designates possible electronic 
excitation. (The intermediate state is either real or 
virtual.) 

Viewed in the framework of Born-Oppenheimer 
separation of nuclear and electronic motions, reaction 
(1) occurs by means of excitation of an electron of X2

+ 

with simultaneous capture of the incident electron. 
The excitation of the core electron destroys the molec
ular bond. The major theoretical evidence that (1) has 
a suitably large cross section arises from its similarity 
to other two-electron radiationless transitions, such as 
the Auger effect, where very large transition proba
bilities (~1014-1015 sec-1) have been found. Such 
captures are also possible for atomic ions (called 
dielectronic recombination) except that the doubly 
excited levels usually have energies lying too high to be 
reached in low-temperature gases. A further difference 
between two-electron transitions in atoms and molecules 
is important when the rate of de-excitation of the 
products is slower than the rate of electron capture. 
Then, since dissociation is a much faster mechanism for 

1 See J. M. Anderson, General Electric Research Laboratory 
Report No. 61-RL-2817G, 1961 (unpublished), for a review of 
experimental data in recombining gases. This report also contains 
a discussion of the reaction under consideration here. 

2 M . A. Biondi, Phys. Rev. 129, 1181 (1963); 83, 1078 (1951). 

stabilization than either radiative or collisional de-
excitation (the only modes available for excited atoms), 
it results in a faster recombination rate. Unfortunately, 
there have been no reliable calculations of the cross 
section for dissociative recombination.3 

Capture of an electron by a molecular ion can 
proceed by excitation of nuclear motion as well as by 
excitation of a bound electron. Due to the small energy 
differences involved in vibrational or rotational transi
tions only very low-energy electrons can be captured 
and these into very weakly bound final states. Thus, 
the net recombination rate resulting from these captures 
will almost certainly be determined by the rate of 
de-excitation of the final states rather than by the rate 
of capture. 

In this note we perform an approximate calculation 
of the cross section for electron capture by rotational 
excitation of molecular ions. This rate of capture, of 
course, is not to be identified with the rate of recombi
nation in the usual sense of the word since auto- and 
collisional ionization from the bound states may be 
more probable than radiative, collisional, or dissociative 
de-excitation'to states of lower energy. In the case that 
ionization is more probable there will be a quasi-steady-
state population of highly excited states in equilibrium 
with the free electrons and the rate of recombination 
will be determined by the rate of de-excitation from 
these states to lower states whose populations are more 
closely coupled to the ground states. We do not calculate 
any de-excitation rates here and, hence, cannot give 
the recombination rate resulting from capture by 
rotational excitation. 

The method used to calculate the capture cross 
section is essentially identical to that used in a previous 
paper,4 hereafter designated by I, to calculate the 
cross section for inelastic scattering by molecular ions. 
In fact, except for some minor differences resulting 
from the normalization of the final-state wave functions 

3 See D. R. Bates and A. Dalgarno, in Atomic and Molecular 
Processes, edited by D. R. Bates (Academic Press Inc., New York, 
1962), p. 258, for a discussion of this reaction. 

4 R. C, Stabler, Phys. Rev. 131, 679 (1963). 
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and the summation over azimuthal quantum numbers, 
the same cross section is obtained (~10~14 cm2 at 
1/40 eV). The approximations employed include first-
order perturbation theory, the replacement of the 
Coulomb wave functions by their low-energy asymp
totic form, and the expansion of the perturbing Hamil-
tonian in spherical harmonics. The applicability of 
these approximations is discussed in I. For completeness 
the calculation is sketched below. 

CALCULATION OF THE CROSS SECTION 

We wish to calculate the cross section for capture of 
an electron with energy E into a bound hydrogenic 
level n, by the excitation of rotation of a molecular 
ion J —>J', M—>M', viz., 

e+X2+(J,M) -> X2*(n,Z,r,M0 , (2) 

where to conserve energy we must have 

E+\En\=Ej,-Ej. (3) 

The long-range Coulomb interaction is included in the 
unperturbed Hamiltonian, where the transition is 
induced by the quadrupole moment Qea0

2 of the 
molecular ion. The details of the formulation are the 
same as in I. 

In first-order perturbation theory we have, averaging 
and summing, respectively, over the initial and final 
azimuthal quantum numbers M, M\ and m: 

2TT 1 
(Tc(J,nl) = — £ 

flV M,M',m2J+l 

X | (^coui(nlm,r) Yr
M' (s),VYjM(s^oouit(k,r)> |2 

X6(E+\En\+Ej-Ej'), (4) 

where tnv=tik= (2mE)1/2, n, I, m are the quantum 
numbers of the final bound state, s is the internuclear 
coordinate, and where 

V=QeWr-zP2(r-$). (5) 

Besides making the approximation of first-order theory 
in Eq. (4) the perturbing potential V has been approxi
mated by a point quadrupole. The latter simplification 
is permissible because 61 waves do not contribute to 
the cross section. As we are concerned with incident 
electrons of energy<<Cl eV, the continuum Coulomb 
wave function can be expanded in powers of kao, the 

lowest order term yielding the well-known form,5 

*co«it(k,r)«(Wkry*£ (2A+l)/2X+i((8rAo)1/2) 
x-o 

XPx(k-r). (6) 

The bound Coulomb function takes a similar form5 in 
the limit of ri2>r/ao, I: 

^coui(w/w,r) 
« (1/ao) (2/nhrU2l^((Sr/a0)

1/2)Ylm(r). (7) 

Except for normalization there is essentially no differ
ence between the behavior of the bound and free 
Coulomb wave function at the origin for &a0«l. The 
effective wave number is large and real near the origin 
whether it is small and real or small and imaginary at 
infinity. Approximations (6) and (7) breakdown for 
r>2/k2a0. 

Substituting Eqs. (5), (6), and (7) into (4) we find 

2TT 1 

flV M,M',l,m2J+l 

X\BfiME+\En\+Ej-Ej.)9 (8) 
where 

Qe2ao/2w\1/2r2l+l (l-\m\)\ \1/2r2l+l (l-\tn\)l-)m 

/ L 4TT (H-|m|)]J 
Bfi^- -

n \nkl L 47r (H-|ra|)! 

xLSX+i)/ - /»„((-) ) / .« ( ( - ) ) 

XYjf
M^YjMPx(k'f)P2(f's)Pl

m(k'f)eim^d^rd^s. (9) 

After expanding P2(f-s) in terms of P2(f-k) and 
P2(s-k) by the addition theorem, the integration over 
dtir yields the selection rule \=l^0 or \\—l\ =2. The 
radial integral is the same as in I and vanishes for the 
case |X—/| =2. We are left with (/?^0), 

16irQe2 r(l~\m\)\-f/2 (2l+iy2(2l-l)l 
Bfi=-

)!T' 

n(2nky/2L(l+\m\)U (4P-l)(2l+2)l 

(/+l)![2/(w2-l)+3m2] 
X (_ l )m+i . 

( 2 H - 3 ) ( / - | w | ) ! ( 2 + H ) l 

X / Yj,M'*YjMP2
m(k-s)eim*°dQs. (10) 

Squaring Bfii performing the azimuthal integrations, 
and substituting into Eq. (9) we find 

c(J,nt) = 
T*Q*e* emeMeM> ( / - 1 ) ! 2 [ 2 / ( m 2 - l ) + 3 m 2 ] 2 (2 / , + l) {J-M)\ (J'-M')\ 

n%kv MM* (2l+l)(2l~l)2(2l+3)2(l+m)l(l-m)l(2+m)l2 (J+M)l (J'+M')\ 

[/• PjMPj>M'P2
mdx IdM+M^m+dM-M^m+dM+M^rn+dM-M^m^HE+lEnl+Ej-E^) , ( 1 1 ) 

6 Cf., H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One- and Two-Electron Atoms (Academic Press Inc., New York, 
1957), p. 18. 
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which, as expected, is the same as Eq. (29) of I except 
for normalization constants and the energy delta 
function. Since Ej> must exceed Ej and since the 
integral in Eq. (11) vanishes unless |7 '— J\ = 0 , 2 we 
must take 7 ' = 7 + 2 . The remaining sums in (11) are 
not difficult to perform. The final result is 

9 6 ^ 2 ( 7 + 1 X 7 + 2 ) (2J -2 ) ! 
<Tc(J,nl) = \En\ 

5k2 n (27+1) (27+3) (21+3)1 

XKE+lEnl+Ej-Ej+i). (12) 

We see that the cross section falls off extremely rapidly 
with I: the capture into a d state being about l /20th 
as probable as capture into a p state. This circumstance 
enables us to sum over all / without violating the 
condition on our bound-state wave function that ri^>L 
Since only ions with jy>\ can capture an electron we 
also set 

Then 
( 7 + l ) ( 7 + 2 ) / ( 2 7 + l ) ( 2 7 + 3 ) ; 

<rc(J,n) = J2 <rc{J,nl)^ac(J^nl) 

2w*Q2 I En I 

25*2 n 
•5(E+\En\+Ej-EJ+2). (13) 

In order to satisfy conservation near resonant energies 
Eo^Ej+2—Ej—\En\ of the delta function, the delta 
function should be replaced near EQ by 

r/27r 

( £ - E 0 ) 2 + r 2 / 4 

where r~1=^_ 1Xautoionization lifetime. This result 
does not follow, of course, from our first-order pertur
bation treatment. 

THE CAPTURE RATE 

In order to obtain the total rate of capture of free 
electrons the cross section given in Eq. (13) must be 
summed over n and 7 and integrated over the free-
electron distribution function. We assume that rota
tional levels of the molecular ions are in thermal 
equilibrium at a temperature Tr and that to sufficient 
accuracy Ej=7(7+l)J5, where B< (m/M)Ry for most 
diatomic molecules. We also assume that the free 
electrons have a Maxwellian distribution with a 
temperature Te. To avoid confusion with the recombi
nation rate a, we designate the rate of capture by y: 

y(J,n) = -
1 

VV (kTe)^ 
Ellh-E,kT*v<jc(J,n)dE. (14) 

Whence, using Eq. (13) for orc(J,n) we have 

* W / 2TT \ " 2 /Ej-Ej+2+\En\ 

e\mkTe/ 25n*kTe kTe 

(15) 

Now the probability that a molecular ion will be in a 
rotational level 7 is 

Pj=-
(2J+l)e-Ej/kT' 

ZA2J+l)e-^/kTr 
;2 M (27+l )<r J ( / + 1 ) " , (16) 

where the sum is taken over just even or odd 7 and 
li==B/kTr<^l for the present application. The lowest 
value of 7 contributing to the capture rate into a state 
n is given by 

or 

( 7 1 + 2 ) ( 7 1 + 3 ) - 7 i ( 7 1 + l ) = \En\/B 

Ji=\En\/4B~l (17) 

Then to lowest order in n we find for the total rate of 
capture into n, 

w2Q2e* 

25n*kT, 

I 2w \ m 

\mkTeJ 
expf 

|-En | 

\16BkTr 2kT -) 
Tj 

(18) 

Note that only the rotational temperature appears in 
the exponential factor while the rate is inversely 
proportional to the three-halves power of the electron 
temperature. I t is clear that except in the case of a very 
high rotational temperature capture will be only into 
states of large n: The maximum rate is obtained for 
n**ZRy*/12BkTrJ

/A. 
One other quantity is of interest; that is the total 

rate of capture into all final states n, 

7 = E T W ? 

where 

7T2OV/ 2TT \1 / 2 rdn 

2SkTe\mkTl 
)

i./Z /.<X 

J1 

»4+^/n2 (19) 

16BkTr 

-»/3= 
Ry 

2kTr 

- » 1 . 

Whence, to lowest order in B/kTr and B/Ry we have 

3(M2 (SBkTry 

25 (mkTe) 3/2 
1+ 

/ 4tf \1 / z- | 

KirkTr) J 

[,+U) ]•(20) cm3 (BkTrRy) 
= 3.2X10~8 Q2 

sec (kTey
/2 

The quadrupole moments of molecular ions are not 
generally known but they will not differ too much from 
eao2, so that Q^l. On the other hand, B varies widely 
with species, roughly as M_ 1 . In general, B is either 
known for most common molecular ions or may be set 
equal to its value for the corresponding neutral mole
cule. Some typical capture rates at Tr=Te=300°K are 
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(setting 0 = 1 ) : 

7(N 2
+ ,300°K)«7.8X10- 8 cm3/sec 

7(O 2
+ ,300°K)«7.2Xl0- 8 cmVsec (21) 

7(He2+,300°K)«1.6XlO-7 cm3/sec. 

DISCUSSION 

One conclusion to be drawn from the rates derived 
above is that the highly excited molecular states will 
be in equilibrium with the free electrons. The large 
capture rate also implies a large rate for the inverse 
reaction of autoionization: 

< r c = ( 2 7 r W ) ( V r a i ) 5 ( i ; £ ) (22) 

from which we obtain 

1/Tai= TmeAQ2/S0¥n"= 2.6X 1015 sec"1 (Q2/^3) • (23) 

The autoionization lifetime should be compared to the 
de-excitation lifetime which is either radiative,6 

l / r r aci«C(1.66Xl01 0)>4-5] sec"1; (24) 

or collisional, 

1 /TCOI I=A 7 *O-*^3X10 1 6 cm-3X10-16 cm2 

X105 c m / s e c - 3 X105 sec"1, (25) 

in which the latter rate is given for heavy particle 
de-excitations at pressures ^ 1 mm. Since both the 
time for rotational capture and the time for auto
ionization are short compared to other times of interest 
the number density of excited neutral molecules will be 
given roughly by the Saha equilibrium equation. 
Moreover, these states may be populated by other 
mechanisms, in particular three-body electron-electron-
ion captures: 

e+e+X?+-+Xi*+e. (26) 

These reactions will help to ensure that equilibrium is 
maintained between the highly excited bound electrons 
and the free electrons. 

6 Reference 5, p. 269. Equation (25) gives the mean radiative 
lifetimes of hydrogenic states to within a few percent for 4<w<25. 

The large capture rates found above do imply that 
the rotational temperature of the molecular ions may 
be as closely coupled to the electron temperature as to 
the heavy particle translational temperature—depend
ing, of course, on the fractional ionization. This may 
help to account for the high rotational temperatures 
occasionally found in molecular spectra.1 

Another problem that may be partially explained by 
the above reactions is the source of molecular spectra in 
recombining gases. The process of dissociative recombi
nation yields only atomic spectra since the reaction 
must be promptly stabilized by dissociation if it is to 
yield a large recombination rate. An equilibrium popu
lation of excited molecular states, however, gives a 
source of molecular spectra decaying (like recombi
nation spectra) with the square of the electron density. 
Clearly rotational capture also enables cascade recombi
nation reactions which will have the proper dependence 
on the electron density. (—dNe/dt & Ne

2) but will have 
rates which are generally too small to account for the 
observed rate of recombination. (Even the total capture 
rates are too small, and de-excitation, predissociation, 
or radiative de-excitations will have probabilities small 
compared to the autoionization probability.) In conclu
sion, it may be said that the capture of electrons by a 
single molecular ion through rotational excitation has 
some experimental and theoretical interest but will not 
affect recombination rates if the rates are indeed as 
large as the experimental results indicate (i.e., a>10~ 8 

cm3/sec). To obtain the rate of recombination arising 
from this reaction requires the calculation of de-
excitation cross sections which are not generally known 
except for electronic and radiative transitions. But 
these latter two transitions yield contributions to the 
recombination rates already included in the three-body 
collisional-radiative decay process calculated by Bates, 
Kingston, and McWhirter.7 I t may be that the colli
sional-radiative decay rate will be larger (or smaller) 
for molecular ions than for atomic ions but the change 
is not likely to arise from the initial capture mechanism. 

7 D . R. Bates, A. E. Kingston, and R. W. McWhirter, Proc. 
Roy. Soc. (London) A267, 297 (1962). 


